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ABSTRACT 
 
With a focus on related rates problems, the present study reports on quantitative and covariational 
reasoning opportunities provided by five widely used calculus textbooks in the United States. 
There are three major results from this study. First, quantitative reasoning opportunities are 
plentiful, while covariational reasoning opportunities are scarce in all the textbooks, respectively. 
Second, there is a severe shortage of related rates problems that require more than recalling 
geometric formulas to mathematize. Third, opportunities promoting the use of diagrams to 
support students’ quantitative reasoning when solving related rates problems are minimal in the 
practice problems provided in the five textbooks. Overall, the textbooks provide limited 
opportunities to engage in covariational reasoning when working with related rates problems. 
Implications for instruction are discussed. 
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Introduction 
 

A growing number of scholars have called for helping students develop strong quantitative 
and covariational reasoning abilities, respectively, arguing that this is necessary for students to 
acquire robust understandings of mathematical concepts/topics that involve making sense of 
quantities and how these quantities change in relation to each other such as related rates problems in 
calculus (e.g., Carlson et al., 2002; Castillo-Garsow, 2012; Confrey & Smith, 1995; Moore, 2014; 
Thompson, 1994, 2011). I remark that related rates problems form an integral part of any first-
semester calculus course in the United States (e.g., Engelke, 2007, Engelke-Infante, 2021; 
Mkhatshwa, 2020a).  

A mathematical task is a related rates problem if it involves at least two ‘rate’ quantities that 
can be related by an equation, function, or formula (Mkhatshwa, 2020a). There are two types of 
related rates problems, namely geometric and non-geometric. According to Mkhatshwa (2020a), “a 
geometric related rates problem is one in which the equation relating the quantities [in the problem] 
is based on a geometric structure such as the Pythagorean Theorem or the volume of a shape” 
(p.141). Analogously, a non-geometric related rates problem is one in which the equation relating the 
quantities in the problem is based on a non-geometric relationship such as some Physics laws (e.g., 

the ideal gas law) or the economics formula 𝑃 = 𝑅 − 𝐶, where 𝑃 is profit, 𝑅 is revenue, and 𝐶 is 
cost. 
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A historical analysis of related rates problems by Austin et al. (2000) reveals that the 
inclusion of related rates problems in calculus textbooks dates back to at least 1836. Furthermore, 
these authors found that related rates problems first appeared in the United States in 1851 in a 
calculus textbook published by Elias Loomis (1811-1889), who was a mathematics professor at Yale 
University. Students' difficulties with related rates problems, including those directly related to 
quantitative or covariational reasoning, respectively, are widespread and have continued to be a 
subject of empirical research investigations for the last 25 years (e.g., Alvine et al., 2007; Azzam et 
al., 2019; Code et al., 2014; Ellis et al., 2015; Engelke, 2007; Engelke-Infante, 2021; Jeppson, 2019; 
Kottath, 2021; Martin, 2000; Mkhatshwa & Jones, 2018; Mkhatshwa, 2020a, 2020b; Picollo & Code, 
2013; Taylor, 2014; White & Mitchelmore, 1996). In fact, within the last few years alone, several 
different studies (e.g., Azzam et al., 2019; Engelke-Infante, 2021; Jeppson, 2019; Kottath, 2021; 
Mirin & Zaskis, 2019; Mkhatshwa, 2020a) have reported on students’ difficulties in connection with 
related rates problems. Evidence from a related line of research suggests the existence of a 
correlation between learning opportunities provided by mathematics textbooks and difficulties 
exhibited by students in formal assessments (e.g., Schmidt et al., 2015). 

There are generally three different flavors of first-semester calculus offered at the 
undergraduate level in the United States, namely regular calculus (also known as engineering 
calculus), life sciences calculus, and business calculus. I note that while related rates problems are a 
common topic in regular calculus textbooks, they are not covered in most life sciences or business 
calculus textbooks. The five textbooks considered in this study include three regular calculus 
textbooks (Stewart et al., 2021; Hughes-Hallett et al., 2021; Rogawski et al., 2019), one life sciences 
calculus textbook (Greenwell et al., 2015), and one business calculus textbook (Barnett et al., 2019). 
The research question guiding this study is: What opportunities do calculus textbooks offer students 
to engage in quantitative reasoning or covariational reasoning when solving related rates problems? I 
remark that the purpose of this paper is not to make a theoretical contribution, but rather to 
describe learning opportunities in the context of quantitative reasoning and covariational reasoning 
provided by calculus textbooks. Additionally, the present study uses the term real-world context 
broadly to either refer to a relevant and essential context or a camouflage context (e.g., Wijaya et al., 
2015). It is worth noting that tasks with the former type of real-world context typically provide more 
opportunities to engage in quantitative reasoning compared to tasks that have the latter type of real-
world context (e.g., Vos, 2020). 

 
Background for the Study 
 

In a recent study (Mkhatshwa, 2022), I reported on quantitative and covariational reasoning 
opportunities provided by two widely used calculus textbooks in the United States. The focus of the 
study was on ordinary derivatives and partial derivatives. A key finding of the recent study is that 
there is a dearth of opportunities to engage in covariational reasoning in connection with ordinary or 
partial derivatives. Furthermore, the study found that while opportunities to engage in quantitative 
reasoning are prevalent in one of the textbooks (an applied calculus textbook), there is a short 
supply of similar opportunities in the other textbook (a traditional calculus textbook). 

To ascertain whether the findings of the recent study could be generalized to other topics 
covered in widely used calculus textbooks in the United States, the present study reports on 
opportunities to engage in quantitative reasoning and covariational reasoning, in the context of 
related rates problems, provided by five commonly used calculus textbooks in the United States. I 
note that two of the five textbooks in the present study were examined in the recent study on 
ordinary derivatives and partial derivatives. In essence, the present study examined a different topic 
(related rates problems) compared to the recent study.  
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Moreover, the present study examined three more textbooks compared to the recent study. 
As I show in the results section, findings (especially concerning covariational reasoning 
opportunities) of the present study are very similar to findings of the recent study. The observed 
similarities in the findings of the two studies lead me to the conclusion that there is generally a 
paucity of covariational reasoning opportunities in calculus textbooks used in the United States. 
Arguably, findings of both studies extend beyond the United States, as some of the widely used 
calculus textbooks in the United States are also used in other countries such as Canada. I therefore 
argue that calculus textbook authors should strive to include these seemingly lacking opportunities in 
future editions of their textbooks, in light of the significant role textbooks play in students’ learning 
of mathematics, among other things. 

 
Related Literature 

 
Opportunity to Learn  
 

Although there are slight variations in how the concept of opportunity to learn has been 
defined in the mathematics education literature, this concept has been used in the same literature for 
over half a century. For instance, Carrol (1963) defined opportunity to learn as the amount of time 
devoted to learning about a particular topic, while Husén (1997) defined the same concept as 
whether or not “students have had the opportunity to study a particular topic or learn how to solve 
a particular type of problem” (pp. 162-163). According to Floden (2002), Husen’s definition of 
opportunity to learn is commonly used in the mathematics education literature.  

This study uses Husén’s (1997) definition of opportunity to learn. Specifically, it examined 
whether or not widely used calculus textbooks in the United States provide opportunities for 
students to engage in quantitative reasoning or covariational reasoning in the context of working 
with related rates problems. This examination is particularly important because evidence from a 
related line of research suggests that student achievement in particular areas/topics of study is tied 
to the extent to which they have had an opportunity to learn about these areas/topics, such as via 
classroom instruction or course textbooks (e.g., Cogan & Schmidt, 2015). The significance of 
textbooks in students’ learning of mathematics cannot be overstated. In fact, according to Reys et al. 
(2004), “the choice of textbooks often determines what teachers will teach, how they will teach it, 
and how their students will learn” (p. 61), a sentiment that has been echoed by other researchers 
(e.g., Alajmi, 2012; Kolovou et al., 2009). In this study, the terms “opportunity to learn” and 
“learning opportunities” are used interchangeably. 

 
An Overview of Mathematics Textbook Research at the K-12 and University Level  
 

Research on learning opportunities provided by mathematics textbooks at the K-12 level 
(i.e., from Kindergarten to Grade 12) has not only received substantial attention, but also covers a 
wide range of topics, including cognitive demands of mathematical tasks (e.g., Basyal et al., 2022; 
Gracin, 2018), deductive reasoning (e.g., Stacey & Vincent, 2009), fractions (e.g., Alajmi, 2012; 
Charalambous et al., 2010), functions (e.g., Wijaya et al., 2015), problem solving (e.g., Jäder et al., 
2020), mathematical reasoning and proof (e.g., Stylianides, 2009; Thompson et al., 2012), probability 
(e.g., Jones & Tarr, 2007), proportional reasoning (e.g., Dole & Shield, 2008), statistics (e.g., Pickle, 
2012), trigonometry (e.g., Wijaya et al., 2015), and students’ perceptions regarding the role of 
textbooks in their learning of mathematics (e.g., Wang & Fan, 2021). 

On the contrary, similar research at the undergraduate level has not received considerable 
attention. The focus of the available studies at the undergraduate level has mainly been on cognitive 
demands of tasks typically found in mathematics textbooks (e.g., Mesa et al., 2012), learning 
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opportunities related to the concept of the derivative (e.g., Haghjoo et al., 2023, Park, 2016), 
continuity (e.g., Raman, 2004), optimization problems(e.g., Mkhatshwa & Doerr, 2016; Mkhatshwa, 
2023), infinite series (e.g., González-Martín et al., 2011; Heon & Mills, 2023; O’Sullivan et al., 2023), 
the usage of multiple ways (i.e., algebraically, graphically, numerically, or verbally) to represent 
mathematical ideas such as functions (e.g., Chang et al., 2016), and limits (e.g., Hong, 2022; Lithner, 
2004). On a related note, González-Martín et al. (2018) reported on a case study of how five 
instructors use a common textbook to prepare for teaching series in calculus. Mesa and Griffiths 
(2012) described three ways course textbooks mediate the work of college faculty, namely “textbook 
mediation between instructor and design of instruction” (p. 93), “textbook mediation between 
instructor and others” (p. 95), and “textbook mediation between instructor and self” (p. 98). 
According to Mesa and Griffith (2012): 

 
Reflexive mediation between the textbook and instructors manifests when instructors 
make mental or physical notes about things that work or do not work, find examples or 
problems that they need to modify or remove, and identify topics they will not cover or will 
cover next time they teach (p. 98). 
 
In the context of opportunity to learn, textbook mediation between instructor and self 

could, for instance, manifest when instructors find or modify examples or problems to supplement 
essential learning opportunities that are lacking or minimal in the textbooks adopted for their 
courses. It is worth mentioning that most of the participants in Mesa and Griffiths’ (2012) study 
were calculus instructors. Randahl (2012) reported on how first-year engineering students use 
mathematics textbooks in their learning of calculus. 

 
The Significance of Textbooks in Mathematics Education 
 

Textbooks play a crucial role in students’ learning of mathematics. A recurrent finding from 
research that has scrutinized the significance of textbooks in the teaching and learning of 
mathematics at all levels is that nearly all mathematics content covered during classroom instruction 
is generally dictated by course textbooks (e.g., Begle, 1973; Rezat, 2006; Reys et al., 2004; Robitaille 
& Travers, 1992; Törnroos, 2005; Wijaya et al., 2015). Indeed, in an attempt to underscore the 
importance of mathematics textbooks, Begle (1973) asserted that most of what students learn is 
directed by textbooks rather than teachers. Similar assertions have been echoed by other researchers 
(e.g., Blazar et al., 2020; Polikoff, 2018; Polikoff et al., 2021). 

 
Students’ Difficulties with Engaging in Quantitative Reasoning or Covariational Reasoning 
when Solving Related Rates Problems  
 

Several studies have reported that related rates problems have a reputation, among students, 
of being difficult to master (e.g., Alvine et al., 2007; Ellis et al., 2015; Engelke-Infante, 2021). A 
common finding of research that has examined students’ reasoning in the context of working with 
related rates problems is that students often exhibit difficulties engaging in certain aspects of 
quantitative reasoning. In particular, a growing number of studies have reported on students who 
struggled with determining correct units of measure for quantities (e.g., Azzam et al., 2019; 
Mkhatshwa, 2020a, Kottath, 2021). White and Mitchelmore (1996) reported on students who treated 
variables representing quantities as symbols that are to be manipulated algebraically and not as 
quantities that are to be related.  

Several studies that have investigated students’ thinking about geometric-related rates 
problems have found that mathematizing (Freudenthal, 1993) this type of problem is problematic 
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for students (e.g., Azzam et al., 2019; Jeppson, 2019; Martin, 2000; Mkhatshwa, 2020a; White & 
Mitchelmore, 1996). To be specific, mathematizing a related rates problem entails using algebraic 
symbols to represent the different quantities in the problem, in addition to using an 
equation/formula to relate the quantities. On a positive note, findings of recent studies on related 
rates problems suggest that using diagrams to support students’ quantitative reasoning is effective 
when solving related rates problems (e.g., Engelke-Infante, 2021; Mkhatshwa, 2020a). 

Evidence from research shows that students exhibit weak covariational reasoning abilities 
when solving related rates problems (e.g., Carlson et al., 2002; Engelke, 2007). Specifically, this 
research shows that students seldom engage in the highest levels of covariational reasoning when 
solving related rates problems. Findings from a related line of research on students’ thinking about 
ordinary derivatives, crucial elements of any related rates problem in calculus, indicate that students’ 
weak covariational reasoning abilities are often evident when they are engaged in solving application 
problems that involve working with quantities that can be represented using ordinary derivatives 
(e.g., Jones, 2017; Nagle et al., 2013). 

 
Document Analysis and its Usefulness in Qualitative Research 
 

Document analysis is a useful method in qualitative research (e.g., Merriam & Tisdell, 2016; 
Morgan, 2022). This study uses the definition of document analysis proposed by Bowen (2009): 

 
Document analysis is a systematic procedure for reviewing or evaluating documents–both 
printed and electronic (computer-based and Internet-transmitted) material. Like other 
analytical methods in qualitative research, document analysis requires that data be examined 
and interpreted in order to elicit meaning, gain understanding, and develop empirical 
knowledge [e.g., Corbin & Strauss, 2008; Rapley, 2007]. Documents contain text (words) and 
images that have been recorded without a researcher’s intervention (p. 27). 
 
The documents considered in the present study are five textbooks that are widely used in the 

teaching of undergraduate calculus in the United States. Factors to consider when selecting 
documents for analysis include authenticity, credibility, representativeness, and meaning (e.g., 
Morgan, 2022). According to Morgan (2022), authenticity examines the degree to which a document 
is genuine, credibility examines the accuracy of a document, representativeness examines the degree 
to which a document is typical, and meaning examines the degree to which a document’s content is 
significant, clear, or understandable. 

I conclude this section by highlighting a few reasons behind my choice of using document 
analysis in the present study. First, “information and insights derived from documents can be 
valuable additions to a knowledge base” (Bowen, 2009, p. 30). Second, document analysis does not 
involve collecting new data. Consequently, the resources (e.g., time and costs) associated with using 
this methodology are often minimal (Pershing, 2002).  

Third, “document analysis can serve as either a stand-alone data-collection procedure or as a 
precursor to collecting new data using other methodologies” (Pershing, 2002, p. 36). I remark that in 
the present study, document analysis serves as a stand-alone data-collection procedure. Fourth, the 
documents are readily available in the public domain (Bowen, 2009). Fifth, document analysis is not 
affected by obtrusiveness and reactivity i.e. the documents are not affected by the research process 
(Bowen, 20009). As with any research methodology, document analysis has its own limitations. 
These include insufficient detail [i.e. documents are not often produced with a research agenda], low 
retrievability, and biased selectivity [of the documents to be analyzed]. Citing the efficiency and cost-
effectiveness of document analysis, Bowen (2009) argued that the benefits of this method far 
outweigh its limitations. 
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Theoretical Perspective 

 
Quantitative Reasoning and Covariational Reasoning  
 

Developed nearly three decades ago, the theoretical constructs of quantitative reasoning and 
covariational reasoning are well known among most mathematics education researchers and 
practitioners (e.g., Carlson et al., 2002; Smith III & Thompson, 2007; Thompson, 1993, 2011). 
Consequently, this section provides a synopsis of these theoretical constructs in connection with the 
present study. The interested reader is referred to my recent study (Mkhatshwa, 2022) for a 
comprehensive description of the aforementioned theoretical constructs as they relate to the analysis 
of learning opportunities provided by mathematics textbooks. When measured, quantities have units 
of measure (e.g., Thompson, 1993). The length of a ladder, the radius of a snowball, and the distance 
travelled by a car are a few of many examples of quantities referred to in the present study. 
Quantitative reasoning entails quantification (i.e., determining numeric values for quantities), 
interpreting quantities, analyzing and determining units of measure for quantities, and analyzing 
quantities and relationships among quantities based on textual descriptions of problem statements, 
algebraic equations, graphs/diagrams, or numerical tables of values, respectively, among other 
things. 

Covariational reasoning, on the other hand, deals with analyzing how two or more quantities 
are changing in relation to each other. Figure 1 provides a description, using the Ladder Problem as 
an example, of the five levels of covariational reasoning. 
 
Figure 1 

 
Ladder Problem (Reproduced from Carlson et al., 2002, p. 371) 

 

 
 

Coordination: At the coordination level of covariational reasoning, also known as Level 1, a 
recognition that two quantities are changing simultaneously is made. In terms of the related rates 
problem described in Figure 1, this could mean recognizing that the vertical distance and the 
horizontal distance are changing simultaneously as the bottom of the ladder is pulled away. 

Direction: At the direction level of covariational reasoning, also known as Level 2, attention 
is given to how two quantities are changing (direction-wise) in relation to each other. This could 
mean recognizing that as the bottom of the ladder is pulled away, the horizontal distance increases 
while the vertical distance decreases.  

Quantitative Coordination: At the quantitative coordination level of covariational 
reasoning, also known as Level 3, one coordinates the amount of change of at least one of the two 
quantities. A qualifying remark at this level could be something like the following: “The vertical 
distance decreases by 0.5 feet as the horizontal distance increases.” 

Average Rate: At the average rate of change level of covariational reasoning, also known as 
Level 4, the focus is on coordinating the average rate of change of one of the quantities with 
constant changes in the other quantity. A qualifying remark at this level could be a comment like the 
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following: “The vertical distance decreases by 0.75 feet every time the horizontal distance increases 
by one foot.” 

Instantaneous Rate: At the instantaneous rate level of covariational reasoning, also known 
as Level 5, the focus is on coordinating the instantaneous rate of change of one of the quantities 
with continuous changes in the other quantity. That is, a person reasoning at the instantaneous rate 
level continuously quantifies how the vertical distance changes with much smaller (less than one 
foot) changes in the horizontal distance. 

 
The Role of Quantitative Reasoning and Covariational Reasoning in Related Rates 
Problems 
 

The combination of quantitative and covariational reasoning is crucial in making sense of 
related rates problems (e.g., Engelke, 2004; Mkhatshwa, 2020a). A multitude of physical or dynamic 
situations/events can be modelled using related rates problems in different disciplines, including 
physics, engineering, and economics. In physics, for example, the relationship between the height of 
a rocket that rises vertically and the angle of a camera placed several yards from the launch pad of 
the rocket can be modeled using a related rates problem. According to Engelke (2007): 

 
Solving a related rates problem requires that the student engage in covariational reasoning to 
understand how the problem works, construct a mental model that allows them to recognize 
which variables are changing, construct a meaningful relationship between the changing 
quantities (create an appropriate formula), and reconceptualize the variables in their formula 
as functions of time. Only then may they use the chain rule to correctly differentiate their 
formula with respect to time and solve for the desired variable. (p. 29) 

 
Quantitative reasoning plays an important role in the process of solving any related rates 

problem that has a real-world context. Among other things, the final step when constructing a 
solution to a related rates problem involves engaging in the process of quantification (i.e., assigning a 
numerical value to the quantity described by Engelke (2007) as the “desired variable” in the 
preceding quotation). In fact, some of the previously reported challenges exhibited by students when 
tasked with solving related rates problems deal directly with quantitative reasoning. Mkhatshwa 
(2020a) theorized that while covariational reasoning is certainly a key construct when dealing with 
related rates problems, there may be quantitative ideas, such as the role and use of diagrams to 
represent relationships between quantities, at play. 

As previously noted, there is a relationship between the opportunity to learn about a 
particular area/topic and students’ achievement when assessed in the same area/topic (e.g., Cogan & 
Schmidt, 2015). Furthermore, both quantitative reasoning and covariational reasoning are essential 
for students hoping to develop a solid understanding of various calculus ideas, such as the concept 
of the derivative (e.g., Carlson et al., 2002; Mkhatshwa, 2024). Additionally, covariational reasoning 
is an essential mode of reasoning for students hoping to make sense of related rates problems in 
calculus (e.g., Engelke, 2007). According to Jones (2017), Carlson’s five levels of covariational 
reasoning are increasingly sophisticated. Consequently, I posit that students who are able to engage 
at the highest levels of covariational reasoning demonstrate deeper levels of learning or 
understanding. Indeed, Carlson et al. (2002) reported on two students (Student A and Student B) 
who reasoned at the highest levels of covariational reasoning.  The students’ reasoning at the highest 
levels of covariational reasoning correlated with high achievement in a related rates task involving a 
spherically-shaped bottle that was filled with water. In light of the multitude of benefits associated 
with engaging in quantitative reasoning or covariational reasoning in the study of calculus, it is 
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paramount that calculus textbook authors provide plenty of opportunities (e.g., expository sections, 
examples, and practice problems) for students to engage in the aforementioned modes of reasoning. 

 
Methods 

 
Analyzed Textbooks  
 

Five textbooks commonly used in the teaching of regular calculus, life sciences calculus, and 
business calculus in the United States, respectively, were analyzed in this study. See Table 1 for 
information on the textbooks included for analysis in this study.  

 
Table 1 

 
 Analyzed Textbooks 

 
Textbook Name Author(s) Sections Analyzed Textbook 

Publisher 

Calculus: Early Transcendentals 
(9th ed) 

Stewart et al. (2021) 3.9: Related Rates   Cengage Learning 

Calculus: Early Transcendentals 
(4th ed) 

Rogawski et al. 
(2019) 

3.10: Related Rates   Macmillan 
Learning 

Single Variable Calculus (8th ed) Hughes-Hallett et al. 
(2021) 

4.6: Rates and Related Rates Wiley 

Calculus for the Life Sciences 
(2nd ed) 

Greenwell et al. 
(2015) 

6.4: Related Rates   Pearson 
Education 

Calculus for Business, 
Economics, Life Sciences, and 
Social Sciences (14th ed) 

Barnett et al. (2019) 3.7: Related Rates   Pearson 
Education 

 
Before selecting these textbooks, I consulted with major textbook publishing companies in the 
United States, including Cengage Learning, Pearson Education, and Wiley, regarding commonly 
used or ordered calculus textbooks. 

Regular calculus in the United States undergraduate mathematics curriculum is generally 
taken by Science, Technology, Engineering, and Mathematics majors, respectively. Life sciences 
calculus is typically taken by biology majors, while business calculus is mostly taken by business or 
economics majors, respectively. 

 
Data Analysis 
 

There are three sources of data for this study, namely (1) expository sections on related rates 
problems, (2) examples on related rates problems, and (3) practice problems listed at the end of the 
sections noted in Tables 1 and 2.  

Expository sections, examples, and practice problems were analyzed through the theoretical 
constructs of quantitative reasoning and covariational reasoning, both of which are described in the 
theoretical perspective section. Additionally, I examined definitions of related rates problems as well 
as strategies for solving related rates problems as part of my analysis of expository sections. 
Furthermore, examples or practice problems (hereafter, tasks) were classified as either having real-
world contexts or mathematics contexts. In my recent study (Mkhatshwa, 2022), I explained that 
tasks with the former type of contexts provide opportunities to engage in quantitative reasoning 
while tasks with the latter type of contexts do not.  
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Table 2 

 
 Counts of Examples, Practice Problems, and Expository Sections 

 
Textbook Name Section Expository Sections Examples Practice Problems 

Calculus: Early 
Transcendentals (9th ed) 

3.9 2 5 53 

Calculus: Early 
Transcendentals (4th ed) 

3.10 2 5 45 

Single Variable Calculus (8th 
ed) 

4.6 1 4 69 

Calculus for the Life Sciences 
(2nd ed) 

6.4 2 6 36 

Calculus for Business, 
Economics, Life Sciences, 
and Social Sciences (14th ed) 

3.7 2 4 48 

Total   9 24 251 

 
Lastly, evidence from research on students’ thinking about related rates problems suggests 

that students struggle with mathematizing related rates problems (e.g., Azzam et al., 2019; Jeppson, 
2019; Martin, 2000; White & Mitchelmore, 1996). Other studies have found that solving non-
geometric related problems is particularly challenging for students (e.g., Mkhatshwa, 2020a). 
Furthermore, findings from research indicate that the use of diagrams could be used to support 
students’ quantitative reasoning when solving related rates problems (e.g., Engelke-Infante, 2021; 
Mkhatshwa, 2020a). I examined the availability (or lack thereof) of opportunities related to the 
aforementioned research findings in each textbook.  
 
Illustrations of How Tasks were Coded Through the Lens of Quantitative Reasoning 
 

In this section, I provide examples to illustrate how the tasks (examples and practice 
problems) were analyzed through the lens of quantitative reasoning. 

Practice Problem 2 [Mathematics context] [Non-geometric] (Rogawski et al., 2019, p. 202):  
 

If 
𝑑𝑥

𝑑𝑡
= 2 and  𝑦 = 𝑥3, what is 

𝑑𝑦

𝑑𝑡
 when 𝑥 = −4, 2, 6? 

 
Practice Problem 2 is representative of practice problems I categorized as having a 

mathematics context, a related rates problem that does not provide quantitative reasoning 
opportunities such as interpreting quantities, and a non-geometric related rates problem because the 

equation relating the variables 𝑥 and 𝑦 (i.e., 𝑦 = 𝑥3) is not based on a geometric relationship such as 
the Pythagorean Theorem or the volume of a shape. 

Example 3 [Real-world context] [Geometric] (Hughes-Hallett et al., 2021, pp. 254-255): A 

spherical snowball melts in such a way that the instant at which its radius is 20 𝑐𝑚, its radius is 

decreasing at 3 𝑐𝑚/𝑚𝑖𝑛. At what rate is the volume of the ball of snow changing at that instant? 
Example 3 is representative of tasks I categorized as having a real-world context, as a task 

that requires simple mathematizing as finding the equation that relates the quantities of volume (𝑉) 
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and radius (𝑟) only requires recalling the volume of a sphere (i.e., 𝑉 =
4

3
𝜋𝑟3), and as a geometric 

related rates problem because the equation relating the quantities is based on the volume of a shape 
(i.e., sphere). Additionally, I categorized Example 3 as a task that provides an opportunity for 
students to assign a numerical value to the quantity representing the rate at which the volume of the 

snowball is changing (i.e., decreasing) at the instant when the radius is 20 𝑐𝑚. The radius is 

decreasing at a rate of 3 𝑐𝑚/𝑚𝑖𝑛, and as a task that provides an opportunity for students to 

determine the units of measure (i.e., 𝑐𝑚3/𝑚𝑖𝑛) for the aforementioned quantity.   
Practice Problem 33 [Real-world context] [Non-geometric] (Barnett et al., 2019, p. 227): 

Suppose that for a company manufacturing calculators, the cost, revenue, and profit equations are 
given by 

 

𝐶 = 90,000 + 30𝑥 

𝑅 = 300𝑥 −
𝑥2

30
 

𝑃 = 𝑅 − 𝐶 
 

where the production output in 1 week is 𝑥 calculators. If production is increasing at a rate of 500 
calculators per week when production output is 6,000 calculators, find the rate of increase (decrease) 
in: (a) Cost, (b) Revenue, and (c) Profit. 

Practice Problem 33 is another example of tasks in the textbooks that I categorized as having 
a real-world context. I further categorized this task as a non-geometric related rates problem because 

the equations relating the quantities 𝑥, 𝑃, 𝑅, and C (i.e., 𝐶 = 90,000 + 30𝑥, 𝑅 = 300𝑥 −
𝑥2

30
 , and 

𝑃 = 𝑅 − 𝐶) are not based on geometric structures. I also categorized Practice Problem 33 as a task 

that does not require mathematizing as the equations relating the quantities 𝑥, 𝑃, 𝑅, and 𝐶 are 
provided. Moreover, I categorized Practice Problem 33 as a task that provides opportunities for 
students to engage in the process of quantification (i.e., assigning numerical values to the quantities 

representing the rates at which 𝐶, 𝑅, and 𝑃 are changing if production is increasing at a rate of 500 
calculators per week when production output is 6,000 calculators). Finally, I categorized this task as 
providing an opportunity for students to make sense of and to determine the units of measure (i.e., 
dollars/week) for the aforementioned rate quantities. 

 
Illustrations of How Tasks were Coded Through the Lens of Covariational Reasoning 
 

In this section, I provide examples to illustrate how the tasks were analyzed through the lens 
of covariational reasoning. I begin this section by noting that I categorized tasks that could not be 
analyzed through the lens of covariational reasoning (e.g., Practice Problem 2, reproduced in the 
preceding subsection) as tasks that do not provide opportunities to engage in covariational 
reasoning.  

Example 3 [Real-world context] [Geometric] (Stewart et al., 2021, pp. 249-250): A water 

tank has the shape of an inverted cone with base radius 2 𝑚 and height 4 𝑚. If water is being 

pumped into the tank at a rate of 2 𝑚3/𝑚𝑖𝑛, find the rate at which the water level is rising when the 

water is 3 𝑚 deep. 

Solution: We first sketch the cone and label it as in Figure 2. Let 𝑉, 𝑟, and ℎ be the volume 

of the water, the radius of the surface, and the height of the water at time 𝑡, where 𝑡 is measured in 
minutes.  
 
Figure 2 
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Accompanying Diagram-for Example 3 
 

 
 

We are given that 
𝑑𝑉

𝑑𝑡
= 2 𝑚3/𝑚𝑖𝑛 and we are asked to find 

𝑑ℎ

𝑑𝑡
  when ℎ = 3 𝑚. The 

quantities 𝑉 and ℎ are related by the equation 𝑉 =
1

3
𝜋𝑟2ℎ but it is very useful to express 𝑉 as a 

function of ℎ alone. In order to eliminate 𝑟, we use the similar triangles in Figure 2 to write 
𝑟

ℎ
=

2

4
, 

from which we get that 𝑟 =
ℎ

2
. The expression for 𝑉 becomes 𝑉 =

1

3
𝜋ℎ (

ℎ

2
)

2

=
𝜋

12
ℎ3. Now we can 

differentiate each side with respect to 𝑡: 
𝑑𝑉

𝑑𝑡
=

𝜋

4
ℎ2 𝑑ℎ

𝑑𝑡
  so 

𝑑ℎ

𝑑𝑡
=

4

𝜋ℎ2

𝑑𝑉

𝑑𝑡
. Substituting ℎ =  3 𝑚 and  

𝑑𝑉

𝑑𝑡
=  2𝑚3/𝑚𝑖𝑛, we have 

𝑑ℎ

𝑑𝑡
=

4

𝜋(32)
∗ 2 =

8

9𝜋
. The water level is rising at a rate of 

8

9𝜋
≈

0.28 𝑚/𝑚𝑖𝑛. 
Example 3 is representative of tasks I categorized as providing opportunities to engage at the 

coordination level of covariational reasoning (i.e., Level 1) because the quantities (𝑉, 𝑟, and ℎ) are 
changing simultaneously. The statement [in the solution of the task], “the water level is rising at a 

rate of 
8

9𝜋
≈ 0.28 𝑚/𝑚𝑖𝑛”, provides opportunities to engage at the direction and quantitative 

coordination levels of covariational reasoning (i.e., Levels 2 and 3). In particular, the remark about 
the water level rising as time elapses in the aforenoted statement constitutes engaging at the 
direction level of covariational reasoning. Quantifying the rate at which the water level is rising 

(0.28 𝑚/𝑚𝑖𝑛) in the same statement constitutes engaging at the quantitative coordination level of 
covariational reason. I remark that none of the textbooks were coded at the highest two levels of 
covariational reasoning (i.e., average rate and instantaneous rate). Specifically, none of the expository 
sections or tasks included in the five textbooks analyzed in the present study provided opportunities 
for students to engage at the highest two levels of covariational reasoning. 

Additionally, I categorized Example 3 as a task that has a real-world context, as a geometric 

related rates problem because the equation relating the quantities 𝑉, 𝑟, and ℎ (i.e., 𝑉 =
1

3
𝜋𝑟2ℎ) is 

based on a geometric structure (i.e., a cone). This is also a task that provides an opportunity to 
engage in quantification (i.e., finding a numerical value of the rate at which the level of the water is 
rising), and as a task that requires simple mathematizing as formulating the equation relating the 

quantities 𝑉, 𝑟, and ℎ does not require complex reasoning, as in, it can simply be recalled. 
Furthermore, I categorized Example 3 as a task that provides an opportunity for students to use a 
diagram (Figure 2) to support their quantitative reasoning when solving the related rates problem in 
the task. To clarify the coding process, I note that even though there are a few tasks (e.g., Example 
3) I analyzed for both quantitative and covariational reasoning opportunities provided in the tasks, 
for the most part, these two codes (quantitative reasoning and covariational reasoning) are treated as 
mutually exclusive in the present study. I revisit this issue in the study limitations section of the 
manuscript. 
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Results 

 
There are three primary results from this study. First, four of the five textbooks provide 

concise strategies (i.e., lists of three to seven steps) students could use when solving a related rates 
problem. The textbook by Hughes-Hallet et al. (2021) is the only textbook that does not provide a 
list of steps students could follow when solving a related rates problem. Second, all the textbooks 
provide plenty of opportunities to engage in quantitative reasoning via examples and practice 
problems on related rates problems. Third, there is a paucity of opportunities to engage in 
covariational reasoning through expository sections, examples, and practice problems on related 
rates problems, respectively, provided in all the textbooks. In addition, the few available 
opportunities are limited to low levels of covariational reasoning, namely coordination, direction, 
and sometimes quantitative coordination. 

 
Definition of Related Rates Problems and Strategies for Solving these Problems 

 
The definitions of a related rates problem given in the five textbooks are consistent with 

how a related rates problem is generally understood by the mathematics community in the United 
States, or how this type of problem is defined in the research literature (e.g., Mkhatshwa, 2020a). 
Specifically, according to one of the textbooks: 

 
In a related rates problem, the idea is to compute the rate of change of one quantity in terms 
of the rate of change of another quantity (which may be more easily measured). The 
procedure is to find an equation that relates the two quantities and then use the chain rule to 
differentiate both sides with respect to time (Stewart et al., 2021, p. 247). 
 
Before giving the aforementioned definition of a related rates problem, Stewart and 

colleagues (2021) portrayed a picture of a related rates problem by giving the example of pumping 
air into a balloon. These authors remarked that in this example, it would be easier to measure 
directly the rate of increase of the volume of the balloon than the rate of increase of the radius of 
the balloon. These textbook authors went on to propose a seven-step problem-solving strategy (the 
most comprehensive problem-solving strategy compared to similar problem-solving strategies 
provided in three other textbooks) that can be used when solving a related rates problem. The 
following is a reproduction of this strategy (Stewart et al., 2021, p. 249): 

 
Step 1: Read the problem carefully. 
Step 2: Draw a diagram if possible.  
Step 3: Introduce notation. Assign symbols to all quantities that are functions of time. 
Step 4: Express the given information and the required rate in terms of derivatives. 
Step 5: Write an equation that relates the various quantities of the problem. If necessary, use 
the geometry of the situation to eliminate one of the variables by substitution. 
Step 6: Use the chain rule [of differentiation] to differentiate both sides of the equation with 

respect to 𝑡 [a time variable]. 
Step 7: Substitute the given information into the resulting equation and solve for the 
unknown rate. 
 
I note that the aforementioned steps are similar to steps previously used by students when 

tasked with solving geometric related rates problems (e.g., Engelke, 2007; Martin, 2000, Mkhatshwa, 
2020a). I further note that usage of these steps is well illustrated through five examples in the 
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textbook, one of which was reproduced in the Methods section. I remark that the regular calculus 
textbook by Rogawski et al. (2019) provides the least comprehensive problem-solving strategy 
(compared to three other textbooks) that could be used by students when solving a related rates 
problem. The following is a reproduction of this strategy (Rogawski et al., 2019): 

 
Step 1: Identify variables and the rates that are related. 
Step 2: Find an equation relating the variables and differentiate it.  
Step 3: Use given information to solve the problem. 
 
Compared to Step 6 in Stewart et al.’s (2021) problem solving strategy, among other things, 

Step 2 in Rogawski et al.’s (2019) problem solving strategy does not specify the type of 
differentiation [chain rule] that is to be used after finding the equation that relates the quantities 
involved in the problem.  

Opportunities to Engage in Quantitative Reasoning 

Expository Sections. None of the nine expository sections noted in Table 2 provide 
opportunities to engage in quantitative reasoning. That is, the expository sections in the five 
textbooks do not provide opportunities to interpret physical quantities, to determine units of 
measure for physical quantities, or to engage in the process of quantification. I note, however, that 
all the expository sections came close to providing something we would consider to be opportunities 
to engage in quantitative reasoning. In the life sciences textbook, for example, Greenwell et al. 
(2015) posed the following rhetorical question to highlight the importance of related rates problems 
in the life sciences: When a skier’s blood vessels contract because of the cold, how fast is the 
velocity of the blood changing? These textbook authors went on to make the following remark prior 
to providing examples on related rates problems: 

 
It is common for variables to be functions of time; for example, sales of an item may depend 
on the season of the year, or a population of animals may be increasing at a certain rate 
several months after being introduced into an area. Time is often present implicitly in a 
mathematical model, meaning that derivatives with respect to time must be found by the 
method of implicit differentiation discussed in the previous section (p. 343). 

 
While none of the quantities (e.g., sales of an item, population of animals, the rate of change 

of the population of animals) needed to be interpreted in the preceding pair of statements, to 
emphasize the importance of units when making sense of quantities and relationships between 
quantities, one can argue that Greenwell et al. (2015) could have used, for example, antelopes per 
year as a unit of measure for the quantity that represents the rate at which the population of animals 
[e.g., antelopes] is increasing. Similar remarks were made by the authors of the other textbooks 
considered in this study. 

Examples. As can be seen in Table 3, all the examples presented in the related rates section 
of each of the five textbooks provide ample opportunities to engage in quantitative reasoning (i.e., 
these examples have real-world contexts). Specifically, the examples generally provide opportunities 
to interpret physical quantities, to assign units of measure to these quantities, or to engage in the 
process of quantification. Example 1 is a typical example (in addition to the two Examples 3s that 
were reproduced in the Methods section) that provides opportunities to engage in the process of 
quantification, and to make sense of quantities, relationships among quantities, and units of measure 
for quantities, respectively: 
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Table 3 

 
Classification of Examples by Type of Context 

 
Textbook Name Count of examples with a 

real-world context 
Count of examples with a 

mathematics context 

Calculus: Early Transcendentals (9th ed) 5 0 

Calculus: Early Transcendentals (4th ed) 5 0 

Single Variable Calculus (8th ed) 4 0 

Calculus for the Life Sciences (2nd ed) 6 0 

Calculus for Business, Economics, Life 
Sciences, and Social Sciences (14th ed) 

4 0 

Total  24 0 

 

Example 1 [Real-world context] [Geometric] (Barnett et al., 2019, p. 222): A 26-foot ladder 
is placed against a wall as shown in Figure 3.  
 
Figure 3 
 
Diagram that Accompanies Example 1 

 
 
If the top of the ladder is sliding down the wall at 2 feet per second, at what rate is the bottom of 
the ladder moving away from the wall when the bottom of the ladder is 10 feet away from the wall? 

This example provides an opportunity to make sense of how several quantities (the vertical 

distance of the ladder denoted by the variable 𝑦 in Figure 3, the horizontal distance of the ladder 

denoted by the variable 𝑥 in Figure 3, and the rates of change of 𝑥 and 𝑦 as the top of the ladder is 
sliding down the wall) are related. Furthermore, the example provides an opportunity to determine 
units of measure for the unknown quantity (i.e., the rate at which the bottom of the ladder is moving 
away from the wall at the instant when the bottom of the ladder is 10 feet away from the wall). It 
also provides an opportunity to engage in the process of quantification (i.e., determine a numerical 
value for the quantity that represents the rate at which the bottom of the ladder is moving away 
from the wall at the instant when the bottom of the ladder is 10 feet away from the wall). Lastly, I 
interpreted the inclusion of Figure 3 in Example 1 as a means of supporting students’ reasoning 
about relationships among the quantities involved in the example. As can be seen in Table 4, most 
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of the examples in the five textbooks have accompanying diagrams to support students’ quantitative 
reasoning when working through these examples. 
 
Table 4 

 
Count of Examples With or Without Accompanying Diagrams 

 
Textbook Name Count of examples with 

accompanying diagrams 
Count of examples without 

accompanying diagrams 

Calculus: Early Transcendentals (9th ed) 4 1 
 
 

Calculus: Early Transcendentals (4th ed) 5 0 

Single Variable Calculus (8th ed) 3 1 

Calculus for the Life Sciences (2nd ed) 4 2 

Calculus for Business, Economics, Life 
Sciences, and Social Sciences (14th ed) 

2 2 

Total  18 6 

 
Even though the examples on related rates problems given in the five textbooks are rich in 

terms of opportunities to engage in quantitative reasoning, as can be seen in Table 5, a majority of 
the examples are geometric related rates problems.  
 
Table 5 

 
 Count of Geometric Versus Non-Geometric Related Rates Examples 

 
Textbook Name Count of geometric 

examples 
Count of non-geometric 

examples 

Calculus: Early Transcendentals (9th ed) 5 0 
Calculus: Early Transcendentals (4th ed) 5 0 

Single Variable Calculus (8th ed) 3 1 

Calculus for the Life Sciences (2nd ed) 4 2 

Calculus for Business, Economics, Life Sciences, 
and Social Sciences (14th ed) 

3 1 

Total  20 4 

 
Consequently, mathematizing these examples is straightforward, as it typically involves 

recalling formulas that relate the quantities involved in these tasks. In Example 1, the equation 
relating the length of the ladder (26 ft), the quantity representing the vertical distance of the ladder 

(𝑦), and the quantity representing the horizontal distance of the ladder (𝑥) is given by the 

Pythagorean Theorem (i.e., 𝑥2 + 𝑦2 = 262). 
Practice Problems. As can be seen in Table 6, a great majority of the practice problems in 

the five textbooks provide numerous opportunities to engage in quantitative reasoning (i.e., they 
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have real-world contexts). The following is a reproduction of a geometric related rates problem, 
typical of the five textbooks, that provides opportunities to engage in quantitative reasoning: 
 
Table 6 

 
 Classification of Practice Problems by Type of Context 

 
Textbook Name Count of practice problems 

with a real-world context 
Count of practice problems 
with a mathematics context 

Calculus: Early Transcendentals (9th ed) 51 2 

Calculus: Early Transcendentals (4th ed) 43 2 

Single Variable Calculus (8th ed) 64 5 

Calculus for the Life Sciences (2nd ed) 26 10 

Calculus for Business, Economics, Life 
Sciences, and Social Sciences (14th ed) 

42 6 

Total  226 25 

 

Practice Problem 13 [Real-world context] [Geometric] (Rogawski et al., 2019, p. 203): At a 

given moment, a plane passes directly above a radar station at an altitude of 6 𝑘𝑚. 
 

(a) The plane’s speed is 800 𝑘𝑚/ℎ. How fast is the distance between the plane and the station 
changing half a minute later? 

(b)  How fast is the distance between the plane and the station changing when the plane passes 
directly above the station? 
 
Parts (a) and (b) prompt students to engage in quantification (i.e., to quantify the rate at 

which the distance between the plane and the station is changing). Students are also expected to 
determine the units of measure for the specified quantities in parts (a) and (b). Mathematizing this 
problem (and many other geometric related rates problems found in the five textbooks) is not 
challenging as it involves using the Pythagorean Theorem. Practice Problem 18, in addition to 
Practice Problem 33 reproduced in the Methods section, is an example of the few non-geometric 
related rates problems found in the five textbooks.  

Practice Problem 18 [Real-world context] [Non-geometric] (Greenwell et al., 2015, p. 348): 
The energy cost of horizontal locomotion as a function of the body weight of a marsupial is given 

by 𝐸 = 22.8𝑤−0.34, where 𝑤 is the weight (in 𝑘𝑔) and 𝐸 is the energy expenditure (in 

𝑘𝑐𝑎𝑙/𝑘𝑔/𝑘𝑚). Suppose that the weight of a 10 𝑘𝑔 marsupial is increasing at a rate of 0.1𝑘𝑔/𝑑𝑎𝑦. 
Find the rate at which the energy expenditure is changing with respect to time. 

Among other things, Practice Problem 18 provides an opportunity to quantify the unknown 
quantity (i.e., the rate at which the energy expenditure is changing with respect to time. Furthermore, 
this practice problem provides an opportunity to make sense of the units of measure for the 
aforementioned unknown quantity. As with all the other non-geometric related rates problems 

provided in the five textbooks, students do not have to mathematize this task as the equation [𝐸 =
22.8𝑤−0.34] relating the quantities 𝐸 and 𝑤 is given as part of the statement of the problem. In 
general, I found no trend in the frequency or amount of available opportunities to work with non-
geometric related rates problems presented in the five textbooks. Table 7 displays this information.  
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Table 7 
 
 Count of Geometric Versus Non-Geometric Related Rates Practice Problems 

 
Textbook Name Count of geometric practice 

problems 
Count of non-geometric 

practice problems  

Calculus: Early Transcendentals (9th ed) 47 6 

Calculus: Early Transcendentals (4th ed) 38 7 

Single Variable Calculus (8th ed) 35 34 

Calculus for the Life Sciences (2nd ed) 12 24 

Calculus for Business, Economics, Life Sciences, 
and Social Sciences (14th ed) 

25 23 

Total  157 94 

 
Specifically, while the number of non-geometric related rates problems is extraordinarily low 

in the Stewart et al. (2021) and Rogawski et al. (2019) textbooks, the proportion of geometric and 
non-geometric related rates problems in the Hughes-Hallett et al. (2021) and Barnett et al. (2019) 
textbooks is nearly the same. Furthermore, a majority of the problems in the Greenwell et al. (2015) 
textbook are non-geometric related rates problems. Additionally, opportunities promoting the use of 
diagrams to make sense of quantities and relationships among quantities while working with related 
rates problems are extremely low in all five textbooks analyzed in this study. Table 8 displays this 
information. 
 
Table 8 
 
Count of Practice Problems With or Without Accompanying Diagrams 

 
Textbook Name Count of practice problems 

with accompanying diagrams 
Count of practice problems 

without accompanying 
diagrams 

Calculus: Early Transcendentals (9th ed) 10 43 

Calculus: Early Transcendentals (4th ed) 14 31 

Single Variable Calculus (8th ed) 9 60 

Calculus for the Life Sciences (2nd ed) 6 30 

Calculus for Business, Economics, Life 
Sciences, and Social Sciences (14th ed) 

2 46 

Total  41 210 

 
 
 
Opportunities to Engage in Covariational Reasoning  

 
Expository Sections. Opportunities to engage in covariational reasoning in the nine 

expository sections (identified in Table 2) on related rates problems in the five textbooks are limited 
to the lowest two levels of covariational reasoning, namely Level 1 (coordination) and Level 2 
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(direction). The following is a reproduction, from one of the textbooks, of an exemplary opportunity 
to engage in covariational reasoning in the expository section of a textbook: 
 

Union workers are concerned that the rate at which wages are increasing is lagging behind 
the rate of increase in the company’s profits. An automobile dealer wants to predict how 
much an anticipated increase in interest rates will decrease his rate of sales. An investor is 
studying the connection between the rate of increase in the Dow Jones average and the rate 
of increase in the gross domestic product over the past 50 years. In each of these situations, 
there are two quantities-wages and profits, for example-that are changing with respect to 
time. We would like to discover the precise relationship between the rates of increase (or 
decrease) of the two quantities. We begin our discussion of such related rates by considering 
familiar situations in which the two quantities are distances and the two rates are velocities 
(Barnett et al., 2019, p. 222). 
 
This remark provides an opportunity to engage in Level 1 of covariational reasoning as it 

creates an awareness of two quantities (wages and profits) changing in tandem. It also provides an 
opportunity to engage in Level 2 of covariational reasoning as it speaks of the direction of change 
(increasing or decreasing) of the aforementioned quantities. 

Examples. All the related rates examples from the five textbooks identified in Table 2 
provide opportunities to engage in covariational reasoning. However, these opportunities are limited 
to the lowest levels of covariational reasoning, namely Level 1 (coordination), Level 2 (direction), 
and Level 3 (quantitative coordination). The following is a reproduction of a typical example from 
one of the textbooks, in addition to Example 3 that was reproduced in the Methods section, and a 
discussion of the opportunities to engage in covariational reasoning provided in this example: 

Example 4 [Real-world context] [Geometric] (Stewart et al., 2021, p. 250): Car A is traveling 

west at 50 𝑚𝑖/ℎ and car B is traveling north at 60 𝑚𝑖/ℎ. Both are headed for the intersection of 

the two roads. At what rate are the cars approaching each other when car A is 0.3 𝑚𝑖 and car B is 

0.4 𝑚𝑖 from the intersection? 

Solution: We draw Figure 4, where 𝐶 is the intersection of the roads.  
 
Figure 4 

 
Accompanying Diagram-for Example 4 
 

 
 

At a given time 𝑡, let 𝑥 be the distance from car 𝐴 to 𝐶, let 𝑦 be the distance from car 𝐵 to 𝐶, and 

let 𝑧 be the distance between the cars, where 𝑥, 𝑦, and 𝑧 are measured in miles. [It should be noted 
that although Figure 4 is as a generic diagram that represents the given real-world scenario, in the 

specific problem given in Example 4, the horizontal distance between 𝐴 and 𝐶 is 0.3 miles, and the 

vertical distance between 𝐵 and 𝐶 is 0.4 miles]. 
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We are given that 
𝑑𝑥

𝑑𝑡
= −50 𝑚𝑖/ℎ and 

𝑑𝑦

𝑑𝑡
= −60 𝑚𝑖/ℎ. (The derivatives are negative 

because 𝑥 and 𝑦 are decreasing). We are asked to find 
𝑑𝑧

𝑑𝑡
. The equation that relates 𝑥, 𝑦, and 𝑧 is 

given by the Pythagorean Theorem: 
 

𝑥2 + 𝑦2 = 𝑧2 
 

Differentiating each side with respect to 𝑡, we have 
 

2𝑧
𝑑𝑧

𝑑𝑡
= 2𝑥

𝑑𝑥

𝑑𝑡
+ 2𝑦

𝑑𝑡

𝑑𝑡
 

                                                         <=>   
𝑑𝑧

𝑑𝑡
=

1

𝑧
(𝑥

𝑑𝑥

𝑑𝑡
+ 𝑦

𝑑𝑦

𝑑𝑡
)       𝑧 ≠ 0 

 

When 𝑥 = 0.3 𝑚𝑖 and 𝑦 = 0.4 𝑚𝑖, the Pythagorean Theorem gives 𝑧 = 0.5 𝑚𝑖, so 
 

𝑑𝑧

𝑑𝑡
=

1

0.5
[0.3(−50) + 0.4(−60)] 

= −78 𝑚𝑖/ℎ 
 

The cars are approaching each other at a rate of 78 𝑚𝑖/ℎ. 
 

In the preceding solution to Example 4, the statement “at a given time 𝑡, let 𝑥 be the 

distance from car 𝐴 to 𝐶, let 𝑦 be the distance from car 𝐵 to 𝐶, and let 𝑧 be the distance between 
the cars” provides an opportunity to engage in Level 1 (coordination) of covariational reasoning as it 

provides evidence of the three quantities 𝑥, 𝑦, and 𝑧 changing simultaneously with changes in time. 

In the same solution, the remark that “the derivatives are negative because 𝑥 and 𝑦 are decreasing” 
provides an opportunity to engage in Level 2 (direction) of covariational reasoning. Finally, 

quantifying the quantities 𝑑𝑥/𝑑𝑡 and 𝑑𝑦/𝑑𝑡 through the comment “we are given that 
𝑑𝑥

𝑑𝑡
=

−50 𝑚𝑖/ℎ and 
𝑑𝑦

𝑑𝑡
= −60 𝑚𝑖/ℎ” provides an opportunity to engage in Level 3 (quantitative 

coordination) of covariational reasoning. 
Practice Problems. Practice problems on related rates problems in the five textbooks either 

do not provide opportunities to engage in covariational reasoning at all such as Practice Problem 2 
that was reproduced in in the Methods section, or they provide opportunities to engage at the 
coordination and direction levels of covariational reasoning (i.e., Levels 1 and 2 of covariational 
reasoning). Indeed, of the 251 practice problems (see Table 2), 25 practice problems do not provide 
opportunities to engage in covariational reasoning and the remaining 226 problems provide 
opportunities to engage at the coordination and direction levels of quantitative reasoning. The 
following is a reproduction of a representative practice problem from the five textbooks: 

Practice Problem 39 [Real-world context] [Geometric] (Hughes-Hallett et al., 2021, p. 260): 

The radius of a spherical balloon is increasing by 2 𝑐𝑚/𝑠𝑒𝑐. At what rate is air being blown into the 

balloon at the moment when the radius is 10 𝑐𝑚? Give units in your answer. 
This problem provides an opportunity to engage in Level 1 (coordination) of covariational 

reasoning in that it presents the opportunity to visualize how the quantities of radius and volume are 
changing in tandem with changes in time. In addition, the question clearly states that the radius is 
increasing [and while not stated, it can be inferred that the volume is increasing as air is blown into 
the balloon], thus providing an opportunity to engage in Level 2 (direction) of covariational 
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reasoning. Like Practice Problem 39, most of the practice problems in the five textbooks are focused 
on calculational knowledge rather covariational reasoning. That is, they tend to emphasize 
performing calculations over posing questions that promote making sense of how different 
quantities are changing in relation to each other as time changes. 

 
Discussion and Conclusions 

 
Even though the five textbooks do not have opportunities to engage in quantitative 

reasoning in their expository sections on related rates problems, the textbooks provide ample 
opportunities to engage in quantitative reasoning through 24 examples and 226 (out of 251) practice 
problems on related rates problems, respectively. The prevalence of opportunities to engage in 
quantitative reasoning in the textbooks is in compliance with growing calls from several researchers 
and mathematics educators to include such opportunities in undergraduate mathematics education 
(e.g., Castillo-Garsow, 2012; Moore, 2014; Thompson, 2011). Arguably, the fact that opportunities 
to engage in quantitative reasoning are plentiful may suggest that some of the previously reported 
students’ difficulties, such as interpreting quantities (e.g., Azzam et al., 2019; Mkhatshwa, 2020a, 
Kottath, 2021) and making sense of relationships among quantities (e.g., White & Mitchelmore, 
1996), with engaging in quantitative reasoning when solving related rates problems may originate 
from other sources (e.g., classroom instruction), and not necessarily from calculus textbooks. 

Findings from previous research on related rates problems indicate that diagrams [pictures of 
situations] are helpful when solving geometric related rates problems (e.g., Engelke-Infante, 2021; 
Mkhatshwa, 2020a). In general, it is commendable that all the textbooks considered in this study 
provide a substantial number of opportunities (via examples) to work with diagrams when solving 
related rates problems. Specifically, 18 of the 24 examples on related rates problems presented in the 
five textbooks have accompanying diagrams, thus promoting the use of diagrams when working 
with related rates problems. On the contrary, opportunities promoting the use of diagrams via 
practice problems when solving related problems are disproportionately low in all five textbooks. In 
particular, of the 251 practice problems on related problems found in the five textbooks, only 41 
practice problems have accompanying diagrams. I thus recommend that textbook selection 
committees in mathematics departments consider, among other things, the proportion of examples 
and practice problems providing opportunities to work with diagrams when adopting calculus 
textbooks. Similarly, calculus instructors are encouraged to regularly use diagrams (when 
appropriate) in their teaching of related rates problems in calculus. It would also benefit students if 
instructors could include explicit prompts on homework assignments or even exams (on related 
rates), encouraging students to create and use diagrams (when appropriate) to support their 
quantitative reasoning when solving related rates problems.  

Mathematizing a great majority of the geometric-related rates tasks found in the five 
textbooks is, for the most part, straightforward and often involves using slight variations of the 
Pythagorean theorem or recalling geometric formulas such as the formula for the volume of a 
sphere. In addition, nearly all the non-geometric related rates problems found in the five textbooks 
do not need to be mathematized, as the equations relating the quantities involved in these problems 
are provided. Of the five textbooks considered in this study, the proportion of non-geometric 
related rates problems (compared to geometric related rates problems) was extraordinarily low in 
two of the textbooks, about the same in two other textbooks, and significantly high in one other 
textbook. A common theme from a growing number of studies on related rates problems is that 
mathematizing these types of problems is often a challenge for many students in calculus (e.g., 
Azzam et al., 2019; Jeppson, 2019; Martin, 2000; Mkhatshwa, 2020a; White & Mitchelmore, 1996). 
To this end, I recommend that calculus textbook authors consider including a fair balance of 
geometric and non-geometric related rates problems in their textbooks, and most importantly, 
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including related rates problems that require engaging in deep and meaningful aspects of quantitative 
reasoning that go beyond simply recalling and using geometric formulas when mathematizing these 
problems. The same consideration applies to calculus instructors in their teaching of related rates 
problems, or textbook selection committees in mathematics departments, when adopting calculus 
textbooks for their departments.  

Opportunities to engage in covariational reasoning (Carlson et al., 2002) provided in the five 
textbooks are not only minimal, but also limited to the lowest levels of covariational reasoning, 
namely coordination, direction, and quantitative coordination. Specifically, I did not find any 
opportunities to engage in the highest (i.e., more sophisticated) levels of covariational reasoning, 
namely average rate and instantaneous rate in the expository sections, examples, and practice 
problems on related rates problems, respectively, included in the five textbooks. Findings from 
research indicate that students’ covariational reasoning abilities are typically limited to the lowest 
levels of covariational reasoning when solving related rates problems (e.g., Engelke, 2007). Other 
research has found that students show little or no evidence at all of engaging in covariational 
reasoning when dealing with derivatives, which are crucial elements of related rates problems (e.g., 
Carlson et al, 2002; Jones, 2017; Nagle et al., 2013). 

In light of the fact that opportunities to engage in covariational reasoning, let alone 
opportunities to engage in the highest levels of covariational reasoning, are scanty in the five 
textbooks, I recommend that calculus textbook authors include plenty of opportunities to engage in 
covariational reasoning when creating expository sections, examples, and practice problems on 
related rates problems. This is especially important because evidence from research indicates that 
most student learning is often directed by the textbook rather than the instructor (e.g., Alajmi, 2012; 
Begle, 1973; Kolovou et al., 2009, Törnroos, 2005; Wijaya et al., 2015). In fact, Reys et al. (2004) 
posited that the presentation of instructional content during course lectures closely follows the 
presentation of such content in mathematics textbooks, an argument supported by other scholars 
(e.g., Blazar et al., 2020; Polikoff et al., 2021). Furthermore, I recommend that textbook selection 
committees adopt textbooks that provide such opportunities in abundance in light of the crucial role 
that covariational reasoning plays in students’ understanding of calculus topics, including related 
rates problems. Finally, I recommend that calculus instructors create and use, during classroom 
instruction, more tasks that could support students in developing strong covariational abilities (i.e., 
support them in engaging in the highest levels of covariational reasoning). This could include 
designing tasks that require students not only to create diagrams, but also to make sense of these 
diagrams to successfully solve related rates problems. Additionally, this might mean calculus 
instructors will have to design and use related rates problems that have realistic and essential 
contexts during classroom instruction. This is particularly important because evidence from a recent 
study on the teaching of related rates problems indicated that related rates problems were not varied 
and tended to be similar from one calculus textbook to another (Mkhatshwa, 2023).  

In conclusion, I note that the five calculus textbooks examined in this study are arguably 
representative of a great majority of widely used textbooks in the teaching of regular, business, and 
life sciences calculus, respectively, in the United States. I further note that results from the present 
study are, to a great extent, consistent with findings from my recent study (Mkhatshwa, 2022) that 
examined learning opportunities about ordinary and partial derivatives provided by two calculus 
textbooks. Specifically, both studies have found that calculus textbooks by and large provide enough 
quantitative reasoning opportunities, and that there is a deficiency of covariational reasoning 
opportunities, especially opportunities to engage in the highest levels of covariational reasoning, in 
the same textbooks. Based on the findings of these two studies and a growing number of calls from 
renowned scholars and educators to include covariational reasoning opportunities in the study of 
calculus, I appeal to calculus textbook authors to substantially increase covariational reasoning 
opportunities in their textbooks in virtually every topic (e.g., derivatives, related rates problems, 
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differentials, optimization problems, etc.). This is especially true for opportunities to engage in the 
highest levels of covariational reasoning, namely average rate and instantaneous rate, which are 
currently lacking in most widely used calculus textbooks.  

 
Study Limitations  
 

I conclude this paper by highlighting the study limitations. First, the textbooks analyzed in 
the present study are widely used in the teaching of calculus in the United States. Consequently, 
findings of the present study may not extend beyond the United States. It might be important for 
future research to examine similar opportunities to learn provided by other widely used calculus 
textbooks in other parts of the world. Second, Pershing (2002) remarked that document analysis can 
be used as a stand-alone data-collection procedure or as a precursor to collecting new data. In this 
study, document analysis was used as a stand-alone data collection procedure. I, however, posit that 
there might be added value in using document analysis in conjunction with other methodologies. 
For instance, it might be helpful to present researchers’ findings from conducting a document 
analysis alongside perspectives of the authors of the documents that were analyzed. In the context of 
the present study, it would have been beneficial to present the textbooks author’s perspectives 
(obtained via interviews or questionnaires) alongside the results obtained by analyzing the five 
textbooks examined in the study. Third, the quantitative reasoning and covariational reasoning codes 
used in the present study are mostly mutually exclusive. In other words, I did not consider tasks that 
provide opportunities to engage in both quantitative and covariational reasoning in greater detail. 
This could be a subject for future research. This is especially compelling because these two codes 
may not necessarily be mutually exclusive. Specifically, geometric related rates problems that are 
situated in real-world contexts provide opportunities for engaging in the two modes of reasoning, 
namely quantitative and covariational. Fourth, the data was coded by one researcher. Consequently, 
inter-rater reliability was not established. Follow-up research will likely involve several researchers to 
establish inter-rater reliability, among other potential benefits of conducting collaborative research. 
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